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Closed-form solutions are developed for the stress ﬁelds induced by circumferential hyper-
bolic and parabolic notches in axisymmetric shafts under torsion and uniform antiplane
shear loading. The boundary value problem is formulated by using complex potential func-
tions and two different coordinate systems, providing two classes of solutions. It is also
demonstrated that some solutions of linear elastic fracture and notch mechanics reported
in the literature can be derived as special cases of the general solutions proposed herein.
Finally the analytical frame is used to link the Mode III notch stress intensity factor to the
maximum shear stress at the notch tip, as well as to give closed-form expressions for the
strain energy averaged over a ﬁnite size volume surrounding the notch root.
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Knowledge of the linear elastic stress ﬁelds ahead of notches is essential in the high cycle fatigue assessment of structural
components. The most famous analytical contribution to the study of circumferentially blunt notched shafts under torsion is
that due to Neuber (1958), who addressed the problem of ‘deep’ and ‘shallow’ notches and was able to determine in both
cases the theoretical stress concentration factor Kt. Thanks to Neuber’s solution, a number of plots for Kt related to common
geometries under torsion were drawn (Peterson, 1974). Before Neuber, other authors had focused their attention to anti-
plane stress problems dealing with keyway grooved or longitudinally cracked cylindrical shafts (Filon, 1900; Shepherd,
1932; Wigglesworth and Stevenson, 1939; Wigglesworth, 1939). Some analytical tools reported in these papers will be
reconsidered herein. In order to overcome some limitations of the analytical approaches, various numerical techniques have
been used to obtain approximate solutions for the stress concentration factor of notched components subjected to torsion,
see, amongst others, Rushton (1967), Hamada and Kitagawa (1968), Matthews and Hoke (1971) and Peterson (1974). Wor-
thy of mention are also some recent contributions due to Noda and Takase who accurately determined, by means of the body
force method, the stress concentration factors of blunt V-notches in round bars under torsion loading (Noda and Takase,
2006), as well as the notch stress intensity factors of sharp, zero radius, V-notches (Noda and Takase, 2003).
Considering the local stress distributions and not only Kt is essential in dealing with the structural integrity of notched
components. Creager and Paris (1967) gave the elastic stress ﬁelds in the vicinity of the tip of blunt cracks, or ‘slim’ parabolic
notches, under Modes I, II and III loading. The intensities of the ﬁelds were expressed in terms of generalised stress intensity
factors, later correlated by Glinka to the maximum elastic stress in plane problems (Glinka, 1985). A major difference of ay Elsevier Ltd.
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of stress terms proportional to x0.5 and x1.5, x being the distance from the notch tip. Under Mode III loading, only the term
proportional to x0.5 is present, and the analogy with the crack case is stronger.
The stress distribution problem for sharp V-shaped notches in round bars under antiplane shear was solved by Seweryn
and Molski (1996), Dunn et al. (1997), and Qian and Hasebe (1997), who also dealt with the problem of the singularity at the
interface of a bi-material V-notch.
Recently, the elastic stress ﬁelds ahead of semi-elliptic circumferential notches in inﬁnite and ﬁnite size round bars under
torsion were reported by the present authors (Lazzarin et al., 2007). The boundary value problem was formulated by using a
complex potential function approach in combination with Inglis’ elliptic coordinate system (Inglis, 1913). The solutions were
found to have a wide range of applicability, both in terms of notch depth and notch shape. In particular, when the minor
semi-axis b tends to zero, that is the crack case, Westergaard’s stress function for mode III was obtained. Furthermore, it
was possible to analyse with the same analytical framework the case of a semi-circular notch with a minor semi-axis b to
major semi-axis a ratio equal to 1.0. The solution, exact in the case of a notch in an inﬁnite diameter shaft, has been extended
to a ﬁnite size shaft, making it possible to evaluate Kt as a function of a/b and a/R ratios, R being the shaft radius on the net
transverse section. Finally, the case of a circumferential semi-elliptic notch at an arbitrary orientation angle b to the longi-
tudinal axis of symmetry has been treated.
Conﬁrming some ﬁndings by Smith (2004a,b,c), Lazzarin et al. (2007) also demonstrated that the distance over which
stress distributions are dependent only on the root radius q, and not on the notch shape, is really very limited, and is approx-
imately 0.05q. This is quite different to the case of notched components under Mode I loading where that distance of root
radius dominance is much greater, about 0.2–0.3q (Nui et al., 1994; Atzori et al., 2001).
The main aim of the present work is to provide a set of closed-form solutions for stress, strain and displacement ﬁelds
induced by hyperbolic and parabolic circumferential notches in axisymmetric shafts under torsion or uniform antiplane
loading. The boundary value problems will be formulated according to the complex potential function approach, as in (Lazz-
arin et al., 2007), but using here hyperbolic and parabolic coordinate systems. It will be possible to provide two different
classes of solutions whose accuracy and range of applicability will be discussed in detail taking advantage of a large number
of results from FE analyses. The ﬁnite size effect on the elastic stress distributions will be considered as well. It will be also
shown that some well-known solutions of linear elastic fracture mechanics and notch mechanics can be seen as special cases
of the general solutions reported herein.
Finally, the developed analytical frame is used to tie the Mode III notch stress intensity factor (NSIF) to the maximum
shear stress at the notch root, as well as to give closed-form expressions for the strain energy averaged over a given control
volume embracing the notch root, the volume being exactly that deﬁned in some recent contributions (Lazzarin and Berto,
2005; Gómez et al., 2007) where only plane cases have been considered (Mode I and mixed, I + II, loading). Those papers
demonstrated that the averaged strain energy density made it possible to rationalise a large body of experimental data, de-
spite the large variability of the notch root radius and opening angle.
2. Mathematical preliminaries
2.1. Fundamental complex potentials in antiplane elasticity
Consider an axisymmetric body weakened by a circumferential notch of a generic shape, made of an isotropic and homog-
enous material obeying the theory of linear elastic deformations. Consider also a Cartesian reference system (x,y,z) having
the origin at an appropriate distance from the notch tip.
Suppose now that the body is loaded by a remote shear stress s, resulting only in displacements w in the z direction, nor-
mal to the plane of the notch characterised by the x and y axes, as shown in Fig. 1.
Under these conditions the following relationships for stresses and strains are valid (Lazzarin et al., 2007):szx  iszy ¼ H0ðzÞ; ð1Þ
czx  iczy ¼
H0ðzÞ
G
; ð2Þin Cartesian coordinates andszr  iszu ¼ eiuH0ðzÞ; ð3Þ
czr  iczu ¼
eiuH0ðzÞ
G
; ð4Þin polar coordinates. Moreover the displacement w in the z direction can be determined as (Lazzarin et al., 2007):w ¼ RefHðzÞg
G
: ð5ÞThe function H(z) is a holomorphic function of arbitrary form, which will vary from case to case depending on the relevant
boundary conditions.
ττ
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Fig. 1. Axis-symmetric body weakened by a circumferential notch and subjected to antiplane shear stresses.
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are independent of the choice of it. See, for example, Stevenson (1945) for plane problems.
So in the following study, we shall translate the origin of the reference system in the x-direction as a function of the notch
shape and the transformation used, without any loss of generality.
Finally, it is worth noting that, according to the past literature, the symbol ‘‘z” is used in this paper with two different
meanings that must not be confused; indeed it denotes both the complex variable z = x + iy and the antiplane coordinate
in the Cartesian reference system (x,y,z).
2.2. Hyperbolic coordinate system
We shall use here an orthogonal hyperbolic coordinate system generated by the transformation (Filon, 1900; Timoshenko
and Goodier, 1970):z ¼ c cosh f; ð6Þ
where c is a constant and z = x + iy and f = n + ig are complex variables in the physical and the transformed planes, respec-
tively. In terms of the components x and y, Eq. (6) becomes:x ¼ c cosh n cosg; y ¼ c sinh n sing ð7Þ
and socosh n ¼ x
c cosg
; sinh n ¼ y
c sing
: ð8ÞElimination of n requires:x2
c2 cos2 g
 y
2
c2 sin2 g
¼ 1: ð9ÞDifferent values of g result in a family of hyperbolae, all characterised by the same foci, see Fig. 2a:x ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  ðcos2 gþ sin2 gÞ
q
¼ c: ð10ÞWhen varying n, for g = g0 and g = g0 in the ﬁrst and fourth quadrants of the Cartesian plane, respectively, Eq. (9) describes
a particular hyperbola of the family, see Fig. 2b.
Consider a hyperbolic proﬁle characterised by the asymptotes y ¼  ba x, intersecting the x-axis at the value x = a. The com-
parison between Eq. (9), setting g = g0, and the canonical equation of an hyperbola results in:a ¼ c cosg0
b ¼ c sing0

: ð11ÞFurthermore the following relations are also valid:b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2
p
g0 ¼ arctan ba
 
(
: ð12ÞInverting Eq. (6), being x and y both positive, results in (Lazzarin et al., 2007):f ¼ nþ ig ¼ arccosh z
c
 
¼ ln z
c
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z
c
 2
 1
r" #
ð13Þ
xy η=cost
x
y
η=η0
η0
x
a
by =
x
a
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a b
Fig. 2. Family of hyperbolae with the same foci (a); hyperbolic proﬁle (1st and 4th quadrants) (b).
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c
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z
c
 2
 1
r" #( )
: ð14ÞRemembering that (Lazzarin et al., 2007):ln
z
c
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z
c
 2
 1
r" #
¼ ln zþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  c2
p  ln c þ iph z
c
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z
c
 2
 1
r !
ð15Þand thatﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  c2
p
¼ A cos b
2
þ i sin b
2
	 

; ð16ÞbeingA ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx2  y2  c2Þ2 þ 4x2y24
q
ð17Þandb ¼
arctan 2xyx2y2c2
 
if x2  y2  c2 > 0
arctan 2xyx2y2c2
 
þ p if x2  y2  c2 < 0;
8><
>: ð18Þthe following expressions immediately result:g ¼ arctan yþ A sin
b
2
xþ A cos b2
 !
; ð19Þ
n ¼ arcsinh y
c sing
	 

: ð20ÞNote that, if x and y are both positive, 0 6 n <1 and 0 < g 6 p2.2.3. Hyperbolic–parabolic coordinate system
We shall also use an orthogonal curvilinear coordinate system generated by the transformation (Neuber, 1958; Lazzarin
and Tovo, 1996):z ¼ wq; ð21Þ
where z = x + iy and w = u + iv are complex variables in the physical and the transformed planes, respectively, and q is a real
number related to the opening angle of the curve 2a:
yx
ϕ
τzr
τzϕ
r0
r
u
u=u0
x
y
u = 0 
-ϕ/q
a b
Fig. 3. (a) Auxiliary system of curvilinear coordinates (u,v); (b) reference system adopted for the solution.
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p
¼ 2c
p
: ð22ÞEq. (21) can be re-written as:wq ¼ ðuþ ivÞq ¼ reiu ¼ rðcosuþ i sinuÞ ð23Þ
and sou ¼ r1q cos uq
v ¼ r1q sin uq :
8<
: ð24ÞThe angle between the radial vector r and the normal vector u to the curve u = cost is then equal to  uq (see Fig. 3b).
Moreover Eq. (24) results in:r ¼ ðu2 þ v2Þq2: ð25Þ
The curvilinear coordinate system introduced here allows one to completely describe the hyperbolic (1 < q < 2) or parabolic
(q = 2) proﬁles (see Fig. 3a). The generic curve characterised by the coordinate u0 intersects the x-axis at a value:r0 ¼ ðu0Þq: ð26Þ
So the parameter r0 identiﬁes the location of the reference system used with respect to the curve tip, and can be linked to the
curvature radius by the following relationship:q ¼ qu
q
0
ðq 1Þ ¼
qr0
ðq 1Þ : ð27ÞThe value q = 1 represents a semi-inﬁnite plane (smooth shaft).
3. A ﬁrst class of solutions by using the hyperbolic transformation
3.1. General formulation of the problem
The circumferential hyperbolic notch problem in an inﬁnite shaft has to be treated by noting that the nominal shear stress
on the gross section must fall to zero to preserve a ﬁnite stress across the net waist.
The complex potential that inherently respects this assumption is:HðzÞ ¼ Acf; ð28Þ
where A = A1 + iA2 is a complex coefﬁcient and f = n + ig is the transformed variable.
Note that it coincides with one of the two potentials already used by Timoshenko and Goodier (1970) to solve the plane
problem of a double-symmetric-hyperbolic notch in a plate under tension.
According to Eq. (6) ozof ¼ c sinh f, and by means of Eq. (1):H0ðzÞ ¼ oHðzÞ
of
 of
oz
¼ ðA1 þ iA2Þ
sinh f
¼ szx  iszy; ð29Þ
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quadrant).
Noting that1
sinh f
¼ 1
enþigenig
2
¼ 1
en
2 ðcosgþ i singÞ  e
n
2 ðcosg i singÞ
¼ cosg sinh n i sing cosh n
cos2 gsinh2nþ sin2 gcosh2n
¼ 2 cosg sinh n 2i sing cosh n
cosh 2n cos 2g ; ð30Þthe function H0(z) can be re-written as follows:H0ðzÞ ¼ ðA1 þ iA2Þ
sinh f
¼ ðA1 þ iA2Þ2 cosg sinh n 2i sing cosh ncosh2n cos 2g
¼ 2A1 cosg sinh nþ 2A2 sing cosh n
cosh2n cos 2g
	 

þ i 2A2 cosg sinh n 2A1 sing cosh n
cosh2n cos 2g
	 

: ð31ÞSoszx ¼ 2A1 cosg sinh nþ 2A2 sing cosh ncosh 2n cos 2g ;
szy ¼ 2A2 cosg sinh n 2A1 sing cosh ncosh2n cos 2g :
ð32ÞObserving thatszgjg¼g0 ¼ 0; being szgjg¼g0n¼0 ¼ szx;
szxjg¼g0
n¼0
¼ 2A2 sing0
1 cos 2g0
¼ 0! A2 ¼ 0;
ð33Þand stresses can be written as a function of the parameter A1 which can be determined as a function of the external loading
conditions:szx ¼ 2A1 cosg sinh ncosh 2n cos 2g ;
szy ¼ 2A1 sing cosh ncosh2n cos 2g :
ð34ÞIt is possible to note that when n = 0cosg ¼ x
c
; ð35Þ
sing ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x
2
c2
r
; ð36Þandcos 2g ¼ cos2 g sin2 g ¼ 2x
2
c2
 1: ð37Þ
szyjn¼0 ¼
2A1 sing
1 cos 2g ¼
2A1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2c2
q
2 1 x2c2
  ¼ cA1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  x2
p ð38Þand, at the notch tip:smax ¼ cA1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2
p : ð39ÞFurthermore, as q ¼ b2a (Neuber, 1958), the following relationships are valid:a2
b2
¼ a
q
and c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ b2
q
¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2
b2
þ 1
s
¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
q
þ 1
r
ð40Þand soA1 ¼ s bc Kt;net ¼ s
 Kt;netﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q : ð41Þ
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transfoszx ¼ s 2Kt;netﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q cosg sinh n
cosh2n cos 2g ;
szy ¼ s 2Kt;netﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q sing cosh n
cosh2n cos 2g :
ð42ÞShear strain components can be determined as:czx ¼
szx
G
¼ s 2Kt;net
G
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q cosg sinh n
cosh2n cos 2g ;
czy ¼
szy
G
¼ s 2Kt;net
G
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q sing cosh n
cosh2n cos 2g :
ð43ÞFurthermore, Eq. (5) gives:w ¼ RefHðzÞg
G
¼ s cK t;netn
G
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q : ð44Þ
It must be observed that the obtained solutions are valid for a uniform antiplane shear loading. In the case of torsion loading
it is necessary to take into account the linear decrease of the nominal shear stress. This can be done, by means of some simple
geometrical considerations, see Fig. 4, introducing in Eqs. (42) the following correction factor:x
xedge
; ð45Þwhere x* is the x-coordinate of the point P in which stresses are going to be evaluated, whilst xedge is the x-coordinate of the
point on the notch edge having the same value of the y-coordinate.
Calling (x*,y*) the Cartesian coordinates of the generic point P:xedge ¼ c cosg0 cosh n; ð46Þ
where 	 
n ¼ arcsinh y

c sing0
: ð47ÞSo
x
xedge
¼ c cosg cosh n
c cosg0 cosh n
 : ð48ÞAlong the notch bisector we have n = 0, and Eq. (48) immediately gives:x
xedge
¼ c cosg cosh0
c cosg0 cosh0
¼ x
a
: ð49ÞTaking into account the linear decrease effect, stress components are:szx ¼ s 2Kt;netﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q  cosg sinh n
cosh2n cos 2g 
cosg cosh n
cosg0 cosh n
 ;
szy ¼ s 2Kt;netﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q  sing cosh n
cosh2n cos 2g 
cosg cosh n
cosg0 cosh n
 ;
ð50Þy
x
z
xedge= c coshξ∗cosη0 
x*= c coshξcosη
(x*,y*)
Geometrical relationships to determine the correction factor taking into account the linear decrease of the nominal shear stress (hyperbolic
rmation).
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1þ aq
q  cos2 g sinh2n
cosg0 cosh n
ðcosh2n cos 2gÞ ;
szy ¼ s Kt;netﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q  sin 2gcosh2n
cosg0 cosh n
ðcosh2n cos 2gÞ :
ð51Þ3.2. Evaluation of the stress concentration factor in the case of torsion loading
On the net section the nominal stress s and the notch-affected stress szy must be in equilibrium. Both of them are inﬂu-
enced by the linear decrease effect of Coulomb distribution. The equilibrium condition on the net section is:Z
A
sðxÞxdA ¼
Z
A
szyxdA; ð52ÞZ 2p
0
Z a
0
sðxÞx2 dxdh ¼
Z 2p
0
Z a
0
szyx2 dxdh; ð53ÞwheresðxÞ ¼ s x
a
ð54Þandszyjn¼0 ¼ s
2Kt; netﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q  sing cosh n
cosh2n cos 2g 
cosg cosh n
cosg0 cosh n
 ¼
sbKt;netﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  x2
p  x
a
: ð55ÞSo2p
a
a4s
4
¼ 2ps bKt;net
a
Z a
0
x3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  x2
p dx ð56Þthat isKt;net ¼ 34 
a4
2bc3  b2ða2 þ 2c2Þ
: ð57ÞRemembering relations (40), Eq. (57) can be re-written as:Kt;net ¼ 34 
a4
2b4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
qþ 1
q
 aqþ 1
 
 b4 aqþ 2 aqþ 1
 h i ð58Þthat is  2
Kt;net ¼ 34
a
q
2 aqþ 1
 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
qþ 1
q
 1
	 

 aq
: ð59ÞThis result agrees with that by Neuber (1958) for a deep notch, even if written in a different form:Kt;net;Neuber ¼ 34
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
qþ 1
q	 
2
1þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
qþ 1
q	 
 : ð60ÞStresses can also be written explicitly by substituting the stress concentration factor:szx ¼ 3s

4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q  aq
 2
2 aqþ 1
 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
qþ 1
q
 1
	 

 aq
 cos
2 g sinh2n
cosg0 cosh n
ðcosh 2n cos 2gÞ ;
szy ¼ 3s

4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aq
q  aq
 2
2 aqþ 1
 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
qþ 1
q
 1
	 

 aq
 sin 2gcosh
2n
cosg0 cosh n
ðcosh 2n cos 2gÞ :
ð61Þ
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In the same way, it is possible to determine the stress concentration factor for uniform antiplane shear. In this case stres-
ses do not decrease linearly and the stress concentration factor becomes:Fig. 5.
stress oKt;net ¼ a
3
3b
1R a
0
x2ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2x2
p dx
¼ 2
3
a3
bc2 arcsin ac
  ba ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc2  a2p
¼ 2
3
a3
b3 c2
b2
arcsin ac
  b3 ab ¼
2
3
a3
b3
1
c2
b2
arcsin ac
  ab ð62Þ
Furthermore, by means of relations (40):Kt;net ¼ 23
a
q
 3
2
1þ aq
 
arcsin
ﬃﬃ
a
q
pﬃﬃﬃﬃﬃﬃ
1þaq
p
	 


ﬃﬃ
a
q
q : ð63Þ3.4. A comparison with numerical results
Figs. 5–8 show a comparison between the results obtained by a number of elastic ﬁnite element analyses on notched
shafts of different dimension and those given by Eq. (61). The agreement is good even in the case of ﬁnite items, at least
when stresses are evaluated along the notch bisector line.
4. A second class of solutions by using the hyperbolic–parabolic transformation
4.1. General formulation of the problem
We shall use the same form for the function H(z) already used in the former case:HðzÞ ¼ Aw; ð64Þ
where A = A1 + iA2 is a complex coefﬁcient and w = u + iv is the transformed variable.
So, remembering that ozow ¼ qwq1 and using Eq. (1):H0ðzÞ ¼ oHðzÞ
ow
 ow
oz
¼ ðA1 þ iA2Þ
qwq1
¼ szx  iszy: ð65ÞThe adopted transformation allows one to completely describe a hyperbolic or parabolic proﬁle by means of the curve u = u0.
It is also possible to re-write the function H0(z) as:0
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qðuþ ivÞq1
¼ ðA1 þ iA2Þðu ivÞ
q1
qðu2 þ v2Þq1
: ð66ÞAt the notch tip, when v = 0 and u = u0H0ðzÞj v¼0
u¼u0
¼ ðA1 þ iA2Þu
q1
0
qu2ðq1Þ0
¼ A1 þ iA2
quq10
ð67Þand, beingszxju¼u0
v¼0
¼ A1
quq10
¼ 0! A1 ¼ 0; ð68Þone can writeH0ðzÞ ¼ iA2ðu ivÞ
q1
qðu2 þ v2Þq1
: ð69Þ
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q1
qðu2 þ v2Þq1
¼ iA2
qr
2ðq1Þ
q
r
q1
q cos
u
q
 i sinu
q
	 
q1
¼ iA2
qr
q1
q
cos
q 1
q
u
	 

 i sin q 1
q
u
	 
 
: ð70ÞStress components are deﬁned in terms of an unknown constant, A2, which can be determined as a function of the exter-
nal loading conditions:szx ¼ A2
qr
q1
q
sin
q 1
q
u
	 

;
szy ¼ A2
qr
q1
q
cos
q 1
q
u
	 

:
ð71ÞNote that, when u = 0, Eq. (71) coincides with the expression for szy stress components obtained in a different way by
Neuber (1958) along the bisector line of a ‘pointed notch’ under longitudinal shear.
In terms of polar coordinates:szr
szu
 
¼ cosu sinu sinu cosu
  szx
szy
 
ð72Þand soszr ¼ A2
qr
q1
q
sin
1
q
u
	 

;
szu ¼ A2
qr
q1
q
cos
1
q
u
	 

:
ð73Þ4.2. An alternative formulation of the problem
The same solution can be obtained using for H(z) the following form:HðzÞ ¼ Azk ð74Þ
and soH0ðzÞ ¼ ðA1 þ iA2Þkzk1; ð75Þ
being k a real number and A a complex coefﬁcient. Note that the function H(z) coincides with the ﬁrst potential already used
to solve the plane problem of an inﬁnite notched plate (England, 1971; Lazzarin and Tovo, 1996).
Consider a polar reference system centred at the focus of the notch proﬁle at a distance r0 from the notch tip, along the
notch bisector (see Fig. 3b). It is possible to write:
4890 M. Zappalorto et al. / International Journal of Solids and Structures 45 (2008) 4879–4901eiuH0ðzÞ ¼ eiuðA1 þ iA2Þkrk1eiðk1Þu ¼ ½ðA1 þ iA2Þkrk1ðcos kuþ i sin kuÞ
¼ krk1½ðA1 cos ku A2 sin kuÞ þ iðA1 sin kuþ A2 cos kuÞ ð76Þand
szr ¼ RefeiuH0ðzÞg ¼ krk1ðA2 sin kuþ A1 cos kuÞ;
szu ¼ ImfeiuH0ðzÞg ¼ krk1ðA1 sin ku A2 cos kuÞ:
ð77ÞThe coefﬁcients Ai can be determined by imposing boundary conditions on the notch edge characterised by the curve
u = u0:ðszuÞu¼u0 ¼ 0: ð78Þ
To simplifying the mathematical analysis it is useful to impose the condition at inﬁnity:ðszuÞu¼u0
v0
¼ 0: ð79ÞAt r?1 the conic deﬁned by u = u0 presents the same inclination of the ﬂanks of the V-notch with the same opening
angle, which, from a mathematical point of view, represent the two asymptotes; so Eq. (79) can be re-written in polar coor-
dinates as:lim
r!þ1
u!c
ðr1kszuÞ ¼ 0; ð80Þgiving the following system:sin kc cos kc
 sin kc cos kc
 
A1
A2
 
¼ 0: ð81ÞRouchè–Capelli’s condition provides the characteristic equation of the system, whose roots represent the eigenvalues of
the problem:2 sin kc cos kc ¼ sin 2kc ¼ 0: ð82Þ
Eq. (82) has, in general, an inﬁnite number of solutions, but we are interested only in the smaller positive value of k3 that
is:k3 ¼ p2c ¼
1
q
: ð83ÞThus, the ﬁrst equation of the system results in:A1 ¼ A2  cos k3csin k3c ¼ A2 
cosðp=2Þ
sinðp=2Þ ¼ 0: ð84ÞFinally, we can re-write Eq. (77), providing shear stress components:szr
szu
 
¼ k3rk31A2
sin k3u
cos k3u
 
; ð85Þwhich coincides with the previous solution given by Eq. (73).
Indeed considering Eq. (21), Eq. (74) can be re-written as:HðzÞ ¼ Azk ¼ Awkq ð86Þ
and as k3 = 1/q, Eq. (84) immediately matches Eq. (64).
Shear strain components can be determined as:czr
czu
( )
¼
szr
G
szu
G
( )
¼ k3r
k31A2
G
sin k3u
cos k3u
 
: ð87ÞMoreover Eq. (5) gives:Gw ¼ RefHðzÞg: ð88Þ
Having chosen H(z) = A zk and remembering that A1 = 0:RefHðzÞg
G
¼ w ¼ A2r
k3
G
sin k3u: ð89ÞStress, strain and displacement ﬁelds are deﬁned in terms of an unknown constant, A2, which can be determined as a func-
tion of the external loading conditions. Note also that no hypothesis or limitation has been made about the value of the notch
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Fig. 9. Eigenvalue k3 as a function of the notch-opening angle 2a.
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notches. Fig. 9 shows the value of 1  k3 as a function of the notch-opening angle.
4.3. Stress, strain and displacement ﬁelds as a function of a ﬁeld parameter
Modes I and II N-SIF deﬁnitions for blunt V-notches were given by Lazzarin and Tovo (1996) and by Atzori et al.
(1997) by extending those proposed by Gross and Mendelson for sharp V-notches (Gross and Mendelson, 1972). Sub-
sequently the analytical frame was improved by Filippi et al. (2002) by adding a complex potential to the stress ana-
lytical functions.
Filippi’s solution was revisited by Dini and Hills (2004, 2006) who proposed a general procedure for quantifying the sin-
gular stress ﬁeld at the tip of a notionally sharp notch, but possessing a small root radius, by using in combination Williams’
solution for the semi-inﬁnite sharp V-notch and Filippi’s solution for the semi-inﬁnite rounded notch (Williams, 1952; Filippi
et al., 2002), all stresses being written by Dini and Hills as a function of the relevant Mode I N-SIFs. Some closed-form expres-
sions linking the Mode I N-SIFs from sharp and blunt V-notches were given by Lazzarin and Filippi (2006), whereas the link
between the J-integral (Rice, 1968) and the strain energy in a given, material-dependent, ﬁnite size volume surrounding the
notch tip was underlined by Berto and Lazzarin (2007).
Extending the N-SIF deﬁnitions from the plane problems to the antiplane case gives:K3q ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
lim
r!rþo
½r1k3szuðr;u ¼ 0Þ: ð90ÞSubstituting Eq. (85) into Eq. (90) and using limit properties:A2 ¼  K3qﬃﬃﬃﬃﬃﬃ
2p
p
k3
ð91Þand soszrðr;uÞ
szuðr;uÞ
( )
¼ K3qr
k31ﬃﬃﬃﬃﬃﬃ
2p
p
sin k3u
cos k3u
( )
; ð92Þ
czrðr;uÞ
czuðr;uÞ
( )
¼ K3qr
k31
G
ﬃﬃﬃﬃﬃﬃ
2p
p
sin k3u
cos k3u
( )
; ð93Þ
w ¼ K3q
G
ﬃﬃﬃﬃﬃﬃ
2p
p
k3
rk3 sin k3u: ð94Þ4.4. Stress, strain and displacement ﬁelds as a function of the maximum shear stress
When the notch root radius is not zero, or not too small, the coefﬁcient A2 can be determined as a function of the max-
imum shear stress occurring at the notch tip:A2 ¼ smax
k3r
k31
0
ð95Þ
4892 M. Zappalorto et al. / International Journal of Solids and Structures 45 (2008) 4879–4901and soszrðr;uÞ
szuðr;uÞ
( )
¼ smax rr0
	 
k31 sin k3u
cos k3u
( )
; ð96Þ
czrðr;uÞ
czuðr;uÞ
( )
¼ smax
G
r
r0
	 
k31 sin k3u
cos k3u
( )
; ð97Þ
w ¼ smax
G
r0
k3
r
r0
	 
k3
sin k3u: ð98ÞNote that, equating Eqs. (91) and (95) results in the following relationship between the generalised stress intensity factor
and the maximum shear stress:K3q ¼ smax
ﬃﬃﬃﬃﬃﬃ
2p
p
r1k30 : ð99Þ4.5. Solution for some special proﬁles
4.5.1. The crack case
The case 2a = 0 and q = 0 mm represents a circumferential edge crack. As q = 2k3 ¼ 1=q ¼ 0:5;
and, substituting K3 with KIII, Eq. (92) matches the well-known equations of LEFM:szrðr;uÞ
szuðr;uÞ
 
¼ K IIIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p sin
1
2u
cos 12u
( )
: ð100ÞRecently Lazzarin et al. (2007) obtained the same result starting from a degenerating-to-crack semi-ellipse and consid-
ering only the ﬁrst term of an asymptotic expansion.
4.5.2. The parabolic notch
The case 2a = 0 and q 6¼ 0 represents a parabolic notch. With 2a = p(2  q):k3 ¼ 1=q ¼ 0:5:
Stress ﬁelds can be equivalently written as a function of the generalised N-SIF:szrðr;uÞ
szuðr;uÞ
 
¼ K3qﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p sin
1
2u
cos 12u
( )
; ð101Þor as a function of the maximum shear stress:szrðr;uÞ
szuðr;uÞ
 
¼ smax q2r
 0:5 sin 12u
cos 12u
( )
: ð102ÞEq. (101) coincide with those of Creager and Paris for blunt cracks (Creager and Paris, 1967).
Further, from Eq. (99), substituting the appropriate values of the parameters involved, one can obtain:K3q ¼ smax ﬃﬃﬃﬃﬃﬃﬃpqp ; ð103Þ
which coincides with that proposed by Hasebe and Kutanda (1978).
Note also that, for an inﬁnite shaft weakened by a circumferential semi-elliptic notch, the maximum shear stress occur-
ring at the notch tip is (Neuber, 1958; Lazzarin et al., 2007):smax ¼ 1þ ab
 
s: ð104ÞSubstituting Eq. (104) into Eq. (103) and q tending to zero, one obtains the Mode III SIF for a circumferential edge crack in
an inﬁnite shaft:K III ¼ lim
q!0
ðsmax ﬃﬃﬃﬃﬃﬃﬃpqp Þ ¼ s lim
q!0
1þ
ﬃﬃﬃ
a
q
r	 
 ﬃﬃﬃﬃﬃﬃﬃ
pq
p	 
 ¼ s ﬃﬃﬃﬃﬃﬃpap : ð105Þ
This relation has already been obtained by Lazzarin et al. (2007) starting from stress distributions resulting from a degen-
erating-to-crack semi-elliptic circumferential notch and applying the following deﬁnition:K III ¼ lim
x!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx aÞ
p
szyjy¼0: ð106Þ
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small compared to the notch depth; this happens because in such a situation stress distributions for a semi-elliptic notch
asymptotically tends to those valid for a parabolic notch (see Appendix A).
4.5.3. The sharp V-notch
When q = 0 the notch is a sharp V-notch and Eqs. (83), (85) and (87), become those reported in the literature (Seweryn
and Molski, 1996; Qian and Hasebe, 1997; Dunn et al., 1997).
Stresses can be written in terms of the ﬁeld parameter K3:Fig. 10.
(b) rounszrðr;uÞ
szuðr;uÞ
 
¼ K3r
k31ﬃﬃﬃﬃﬃﬃ
2p
p sin k3u
cos k3u
 
: ð107Þ4.6. The correction of stress distributions to take into account the linear decrease of the nominal shear stress
The solutions obtained are valid for uniform antiplane shear loading. For torsion loading it is necessary to take into ac-
count the linear decrease of the nominal shear stress. This can be done in two different ways for a sharp V-notch or a rounded
notch.
4.6.1. Sharp V-notches
The linear decrease of the nominal shear stress can be taken into account by means of some simple geometrical consid-
erations, see Fig. 10a, correcting Eq. (92) in the following way:szrðr;uÞ
szuðr;uÞ
 
¼ K3r
k31ﬃﬃﬃﬃﬃﬃ
2p
p sin k3u
cos k3u
 
1
r sinu
tana þ r cosu
Rþ r sinutana
 !
; a 6¼ 0: ð108ÞR being the radius of the net section of the shaft.
4.6.2. Parabolic and hyperbolic notches
The linear decrease of the nominal shear stress can be taken into account by means of some simple geometrical consid-
erations, see Fig. 10b, correcting Eq. (96) in the following way:szrðr;uÞ
szuðr;uÞ
 
¼ smax  1 ðr  r
0Þ cosu
R0
	 

r
r0
	 
k31 sin k3u
cos k3u
 
; ð109Þwherer0 ¼ u0
cosðu=qÞ
	 
q
¼ r0ðcosðu=qÞÞq ð110Þis the value of the polar coordinate r when evaluated on the notch edgeR0 ¼ Rþ ðr0  r0 cosuÞ ð111Þ
and R is the radius of the net section of the shaft. Eqs. (110) and (111) are valid for u 6¼ ±c.r' ϕ
ϕ
Rn
(r-r') cosϕ
r0-r'cosϕ
r-r'
ϕ
Rn
α 
α
ϕ
tan
sinr
rcosϕ
r
a b
Geometrical relationships to determine the correction factor taking into account the linear decrease of the nominal shear stress; (a) sharp V-notch;
ded hyperbolic–parabolic notch.
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factor should be updated in the following way:K3q ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
1 rr0R
lim
r!rþo
½r1k3szuðr;u ¼ 0Þ: ð112Þ4.7. An estimation of the maximum shear stress for deep parabolic or hyperbolic notches under torsion loading
The maximum shear stress can be determined by imposing the equilibrium condition on the net section.
Along the notch bisector line, it is possible to write:szujy¼0 ¼ szyjy¼0 ¼ smax
x
r0
	 
k31
1 x r0
R
 
: ð113ÞIntroducing the auxiliary variable t, beingt ¼ Rþ r0  x; ð114Þ
we can re-write Eq. (113) in the form:szyjy¼0 ¼ smax
Rþ r0  t
r0
	 
k31 t
R
: ð115ÞConsidering a polar coordinate system (t,h,z) centred on the axis of the shaft, we can write the equilibrium equation on the
net section by equating the contribution given by the szy stress and that due to the nominal shear stress snom, ranging from s*
to 0: Z
A
sðtÞtdA ¼
Z
A
szyjy¼0tdA; ð116ÞZ 2p
0
Z R
0
s t
3
R
dtdh ¼
Z 2p
0
Z R
0
smax
Rþ r0  t
r0
	 
k31 t3
R
dtdh ð117Þand soKt;net ¼
R4
4R R
0
Rþr0t
r0
 k31
t3 dt
; ð118ÞBy means of some algebraic manipulations the stress concentration factor turns out to be:Kt;net ¼ s
4
3 þ 10s33 þ 35s23 þ 50s3 þ 24
4
P3
j¼0
Ij
; ð119Þwheres3ð2aÞ ¼ k3  1;
kðr0;RÞ ¼ r0R ;
I0 ¼ 1þ 1k
	 
s3
6þ 24kþ 36k2 þ 24k3 þ 6k4
h i
;
I1 ¼ kð24þ 26s3 þ 9s23 þ s33Þ;
I2 ¼ k2ð36þ 21s3 þ 3s23Þ;
I3 ¼ k3ð24þ 6s3Þ  6k4:
ð120ÞNote that, as expected, the stress concentration factor depends on the relevant geometric parameters characterising the
notched shaft, that is the notch-opening angle, 2a, and qR, the ratio of the notch root radius to the net shaft radius.
Recently, Noda and Takase (2006) analysed the stress concentration factors Kt of a round bar with rounded V-notches un-
der torsion by means of the body force method. They initially considered the limiting cases of deep (Ktd) and shallow (Kts)
notches and then classiﬁed the notches into four groups depending on notch radius and notch depth (blunt, sharp, shallow
and deep notches). Afterwards, focusing attention on the case 2a = 60, they proved that when the ratio between the notch
depth to the gross section radius is equal to or greater than 0.2 and, at the same time, the net radius to the notch root radius
ratio ranges between 0 and 20, Kt can be determined within 2 percent error, by using Ktd (Noda and Takase, 2006, Fig. 7, pp.
156–157). These authors also address the effect of the notch-opening angle 2a on the theoretical stress concentration factor
Table 1
Comparison between Kt values as obtained by Neuber (1958) and Noda and Takase (2006) and by means of Eq. (119) of the present paper
q/R R/q Kt Neuber Eq. (60) Kt Noda–Takase Kt – Eq. (119) D (%)
2a 0 60 90 0 60 90 135 0 60 90
0.10 10.00 1.831 1.979 1.908 1.864 1.892 1.781 1.696 1.495 4.4 6.6 9.0
0.20 5.00 1.513 1.573 1.560 1.539 1.559 1.505 1.461 1.349 0.9 3.5 5.0
0.30 3.33 1.379 1.417 1.413 1.403 1.418 1.384 1.355 1.278 0.1 2.1 3.4
0.40 2.50 1.304 1.327 1.327 1.322 1.337 1.313 1.292 1.235 0.8 1.1 2.2
0.50 2.00 1.254 1.272 1.272 1.268 1.284 1.265 1.250 1.204 1.0 0.5 1.4
0.60 1.67 1.219 1.232 1.232 1.231 1.246 1.231 1.219 1.182 1.1 0.1 1.0
0.70 1.43 1.192 1.203 1.203 1.202 1.217 1.205 1.195 1.164 1.2 0.2 0.6
0.80 1.25 1.172 1.181 1.181 1.180 1.195 1.185 1.176 1.150 1.2 0.3 0.3
0.90 1.11 1.155 1.163 1.163 1.162 1.177 1.168 1.161 1.138 1.2 0.4 0.1
1.00 1.00 1.142 1.148 1.148 1.148 1.162 1.155 1.148 1.128 1.3 0.6 0.1
1.11 0.90 1.129 1.135 1.134 1.135 1.148 1.142 1.136 1.119 1.2 0.7 0.1
1.25 0.80 1.117 1.121 1.121 1.121 1.134 1.129 1.124 1.109 1.1 0.7 0.3
1.43 0.70 1.103 1.108 1.108 1.108 1.119 1.115 1.111 1.099 1.0 0.6 0.3
1.67 0.60 1.090 1.093 1.093 1.093 1.104 1.101 1.098 1.088 1.0 0.7 0.4
2.00 0.50 1.076 1.078 1.078 1.078 1.088 1.086 1.084 1.076 0.9 0.7 0.5
2.50 0.40 1.062 1.063 1.063 1.063 1.072 1.071 1.069 1.063 0.9 0.7 0.6
3.33 0.30 1.047 1.048 1.048 1.048 1.055 1.054 1.053 1.050 0.7 0.6 0.5
5.00 0.20 1.032 1.032 1.032 1.032 1.038 1.037 1.037 1.035 0.6 0.5 0.5
10.00 0.10 1.016 1.017 1.017 1.017 1.019 1.019 1.019 1.019 0.2 0.2 0.2
Deep notches with notch-opening angle 2a. Differences D determined according to the expression D% = (Kt, Eq. 119/Kt, Noda–Takase  1)  100.
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maximum difference between 2a = 0 and 2a = 90 being 7%) but important for shallow notches; in both cases the differences
increase as q decreases. Finally, they provided a set of formulae for Kt of any shape of notch with 2a = 60 in a round bar
under torsion, the errors being less than 1% with respect to the numerical results.
A comparison between the Kt values obtained by Neuber’s formula, Eq. (60), by Eq. (119) and as reported by Noda
and Takase (2006), Table 5, where the ratio between their Kt and Nueber’s Kt for hyperbolic notches is listed is shown
in Table 1 for 2a = 0, 60, 90; in addition the Kt values for 2a = 135 are also listed, as obtained by Eq. (119). The com-
parison is limited here to deep notches, i.e., to notches where the ratio between the notch depth and the gross section
radius tends to unity, according to Noda and Takase (2006). The agreement is very satisfactory when q/R is equal to or
greater than 0.5, the maximum difference being about 1.5%. As q/R decreases the difference increases, mainly due to the
different notch shape, V-notches and hyperbolic notches. Furthermore, it can be noted that the inﬂuence of the notch-
opening angle is evident for small values of q/R, in agreement with Noda and Takase (2006), while it is very low for high
values of q/R.
4.8. An estimation of the maximum shear stress for deep parabolic or hyperbolic notches in the case of uniform antiplane shear
In the same way, it is possible to determine the stress concentration factor for uniform antiplane shear. In this case stres-
ses do not decrease linearly across the section and so the equilibrium equation becomes:Z 2p
0
Z R
0
st2 dtdh ¼
Z 2p
0
Z R
0
smax
Rþ r0  t
r0
	 
k31
t2 dtdh ð121Þ
Kt;net ¼
R3
3R R
0
Rþr0t
r0
 k31
t2 dt
; ð122Þthat isKt;net ¼ s
3
3 þ 6s23 þ 11sþ 6
3ðI0 þ I1Þ ; ð123Þwheres3ð2aÞ ¼ k3  1;
kðq;RÞ ¼ r0
R
;
I0 ¼ 2 1þ 1k
	 
s3
ð1þ kÞ3;
I1 ¼ kðs3 þ 3Þðs3 þ 2Þ  2k2ðs3 þ 3Þ  2k3
ð124Þ
4896 M. Zappalorto et al. / International Journal of Solids and Structures 45 (2008) 4879–49014.9. The inﬂuence of ﬁnite dimensions on stress distributions
In an inﬁnite body, stress distributions are not inﬂuenced by external boundary and depend only on the relevant bound-
aries conditions provided by the notch shape. As the absolute dimensions decrease the outer boundaries have a greater
inﬂuence.
Despite this fact, recalling Williams (1952, 1957), stresses ahead of a notch in a component of ﬁnite dimension can be
written as the sum of two terms, the leading order one, due to the notch shape, and the resultant of all the higher order ones,
which depends also on the global geometry. This problem was recently discussed also by Dini and Hills (2004) dealing with
notches under Mode I loading. Furthermore, it can be observed that, in the inﬁnite solution, only the leading term remains.
So the stress distribution for a ﬁnite-depth hyperbolic or parabolic notch in a round shaft under torsion can be deter-
mined as:Fig. 11.
stress (
Fig. 12.
stress (szrðr;uÞ
szuðr;uÞ
 
¼ smax  1 ðr  r
0Þ cosu
R0
	 

r
r0
	 
k31 sin k3u
cos k3u
 
þ higher order terms: ð125ÞStresses ahead of the notch can be successfully determined simply ignoring the contribution due to the higher order terms
that become less meaningful as r tends to r0:0
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szuðr;uÞ
 
ﬃ smax  1 ðr  r
0Þ cosu
R0
	 

r
r0
	 
k31 sin k3u
cos k3u
 
: ð126ÞWith this simpliﬁcation Eq. (126), when applied to a ﬁnite notch, is valid only in the vicinity of the notch tip; that is in the
highly stressed regions. This result agrees with those of other researchers (Williams, 1952, 1957; Lazzarin and Tovo, 1996).
4.10. A comparison with numerical results
In principle Eq. (109) is valid only for inﬁnite gross section shafts. Nevertheless, as stated above, it remains efﬁcient even
in the highly stressed regions of ﬁnite shafts. Figs. 11–13 show the results of a number of ﬁnite element analyses carried out
on ﬁnite shafts weakened by hyperbolic and parabolic notches; there is a good agreement between numerical results and Eq.
(109). Fig. 14 shows a comparison between Eq. (103) and FEA results.
5. Limitations and applicability ranges of the two classes of solutions proposed
It is now interesting to do a comparison between the two solutions obtained using two different transformations and to
discuss the applicability of each of them.
4898 M. Zappalorto et al. / International Journal of Solids and Structures 45 (2008) 4879–4901Theﬁrst solution, obtainedusing thehyperbolic transformation, has beendemonstrated to be valid over the entire ligament.
Unfortunately, it is applicable only to very deep hyperbolic notches or to notches with a large root radius. Moreover, choosing
the notch-opening angle 2a = 2g0 and the notch root radius results in automatically ﬁxing the net radius of the section:a ¼ q
tan2 g0
; ð127Þlimiting the degrees of freedom for applications. Even if mathematically obtained for inﬁnite shafts, it can also be applied to
ﬁnite shafts, especially to estimate stress components along the notch bisector line.
In contrast, the second solution, which is exact for inﬁnite bodies, needs no assumptions for the notch root radius, the
opening angle or the size of the net section, being a general solution able to describe a large range of notch shapes. Further-
more, when applied to ﬁnite-depth notches, it remains effective in the highly stressed region close to the notch tip.
6. An explicit link between plane and antiplane elasticity problems
According to Muskhelishvili’s method (Muskhelishvili, 1977), stress components in the proximity of a notch or a crack
under plane stress–strain can be determined using the following expressions:rxx þ ryy ¼ 4Rew0ðzÞ;
rxx  ryy  2iszy ¼ 2½zw00ðzÞ þ v00ðzÞ;
ð128Þwhere, as well known, w and v are two holomorphic functions.
For the same notch proﬁle, the hyperbolic notch for example, the plane problem and the antiplane one cannot be uncou-
pled, the stresses being essentially a geometric problem. As a consequence there must be a precise link between the holo-
morphic functions used in the two cases.
Indeed, it can be demonstrated that the two functions H(z) and w (z) have the same form. This agrees with the results
recently obtained by Lazzarin et al. (2007), for a semi-elliptic notch, and those obtained in this work.
7. Averaged strain energy density
The concept of ‘elementary volume’, introduced many years ago by Neuber (1958), has been reconsidered in some recent
papers where the strain energy density (SED) was evaluated over a given ﬁnite size volume surrounding the tip of sharp and
blunt V-notches subjected to Mode I loading. By using the mean value of the SED, the static strength properties of brittle
components weakened by sharp and blunt V-notches subject to Mode I (Lazzarin and Berto, 2005) or and mixed mode,
I + II, loading (Gómez et al., 2007) were determined in a uniﬁed manner, as were the high cycle fatigue strength properties
of welded joints made of steels or aluminium alloys (Livieri and Lazzarin, 2005; Lazzarin et al., 2008). The control volume
suggested in (Lazzarin and Berto, 2005) adapts itself as a function of the notch root radius q and the opening angle 2a,
whereas its maximumwidth, measured along the notch bisector line, equals RC, a material parameter which works like Neu-
ber’s ‘microstructural support length (see Fig. 15). In parallel, dealing with U- and V-shaped notches under Mode I loading, a
bridging between the elastic strain energy and the J-integral has been underlined by using the same control volume (Berto
and Lazzarin, 2007).
The aim of this section is to provide some closed-form expressions for the mean value of the strain energy density in the
presence of blunt notches under Mode III loading. These analytical results are intended to be the basis for further investiga-
tions on the static strength properties of both sharp and blunt notched components under Mode III, as well as the possible
links between the SED and the J-integral for blunt notches under Mode III.
By taking advantage of Eq. (96) the total energy evaluated over a circular sector embracing the notch tip (see Fig. 15) can
be determined as:E3 ¼ ð1þ mÞE s
2
max
1
r0
	 
2ðk31Þ Z þu
u
Z R2ðuÞ
R1ðuÞ
r2ðk31Þrdrdu ¼ ð1þ mÞ
E
 s
2
max
r2ðk31Þ0
Z þu
u
R2k32 ðuÞ  R2k31 ðuÞ
2k3
du
¼ ð1þ mÞ
Ek3
 s
2
max  I3
r2ðk31Þ0
; ð129ÞRc
r0
2α=0
R=r0+Rc A
O
A
B(r,− ϕ ) C(r, ϕ )
a b
Fig. 15. Control volume (area) in the evaluation of the averaged strain energy density for a crack (a) and a blunt notch (b).
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Values
2aRC/q
0.01
0.05
0.10
0.20
0.30
0.40
0.50
0.75
1.00
2.50
5.00
10.00I3 ¼
Z þu
u
R2k32 ðuÞ  R2k31 ðuÞ
2
du: ð130ÞThe averaging volume X can be determined by means of the following expression:X ¼
Z þu
u
Z R2ðuÞ
R1ðuÞ
rdrdu ¼
Z þu
u
R22ðuÞ  R21ðuÞ
2
du: ð131ÞIt is evident (see Fig. 15) that X is included between two radius: an outer radius R2 which is constant and equal to:R2 ¼ r0 þ RC ¼ q q 1q þ
RC
q
	 

ð132Þand an inner radius R1 which is a function of the polar angle u according to the following expression:R1ðuÞ ¼ r0
cos uq
  q ¼ q
q1
q
cos uq
  q : ð133ÞThen, the averaged strain energy density over the volume X turns out to be:W3 ¼ E3X ¼
ð1þ mÞ
Ek3
 s
2
max
r2ðk31Þ0
I3
X
¼ s
2
max
2G
h3 2a;
RC
q
	 

; ð134Þwhereh3 2a;
RC
q
	 

¼ 1
k3ð1 k3Þ2ðk31Þ
2
R u
0
q1
q þ RCq
h i2k3  q1q  cos uq  qh i2k3
 
du
2
R u
0
q1
q þ RCq
h i2
 q1q  cos uq
  qh i2 
du
: ð135ÞThe limit angle u can be written as a function of the material-dependent radius RC to the root radius q ratio, by means of the
following relationship:u ¼ 1
k3
 arccos 1 k3
1 k3 þ RCq
 !k324
3
5: ð136ÞIn general, analytical solution of Eq. (135) involves Euler Gamma functions and hypergeometric functions; then for the
sake of simplicity h3 is listed in Table 2 for some value of 2a and RC/q.
However, for the simple case of a parabolic notch Eqs. (135) and (136) simplify as follows:h3 2a;
RC
q
	 

¼
1
2þ RCq
 
u tan u2
1
2þ RCq
 2
u 16 tan
u
2 2þ sec2
u
2
  ; ð137Þ
u ¼ 2  arccos
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1þ 2 RCq
s" #
: ð138Þof the function h3 for some opening angles 2a and some RC/q ratios
h3
0 45 60 90 120 135
0.98815 0.98816 0.98817 0.98818 0.98822 0.98825
0.94359 0.94384 0.94396 0.94433 0.94505 0.94574
0.89352 0.89439 0.89482 0.89606 0.89846 0.90072
0.80847 0.81114 0.81244 0.81620 0.82319 0.82954
0.73883 0.74358 0.74587 0.75246 0.76443 0.77504
0.68067 0.68751 0.69079 0.70014 0.71688 0.73148
0.63132 0.64012 0.64433 0.65625 0.67735 0.69547
0.53525 0.54822 0.55438 0.57169 0.60178 0.62712
0.46524 0.48136 0.48899 0.51033 0.54714 0.57782
0.26324 0.28681 0.29802 0.32947 0.38385 0.42909
0.15430 0.17828 0.18992 0.22330 0.28298 0.33405
0.08512 0.10570 0.11604 0.14676 0.20483 0.25692
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values of RC/q less than 0.1 (that is when the notch root radius is large in comparison with the radius RC or, on the contrary,
when the averaging volume is very small and close to the notch tip) the averaged strain energy density is less than 10% smal-
ler than the peak energy.8. Conclusions
Closed-form solutions for the stress ﬁelds induced by circumferential notches of different shape in axisymmetric shafts un-
der torsion anduniformantiplane shear havebeendeveloped. Theboundary valueproblemshave been formulatedbymeansof
complex potential functions in combination with two different coordinate systems, providing two classes of solutions.
The former solution, obtained using the hyperbolic transformation, is applicable only to very deep hyperbolic notches or
to notches with a large root radius, and this fact limits its use in engineering applications.
The latter solution, obtained by using Neuber’s transformation, is more ﬂexible since it requires no restrictions on the
notch root radius, the opening angle or the net section diameter. This solution is suitable for describing a wide range of notch
shapes and has the merit to match some well-known solutions of linear elastic fracture and notch mechanics.
It has also been demonstrated that the contribution of higher order terms of stress distributions, due the ﬁnite size effect,
does not change the stress distribution shape in the highly stressed region ahead of the notch tip. Due to this fact, the ana-
lytical results obtained for the shear stresses show a good agreement with numerical results both for inﬁnite and ﬁnite size
round bars. Finally, the developed analytical frame has allowed us to link the generalised N-SIFs to the maximum shear
stress at the notch tip and to give closed-form expressions for the strain energy density over a given control volume embrac-
ing the notch tip.Appendix A. An analytical link between the distributions of different kind of notches under torsion
Consider the expression of szy along the notch bisector line of a semi-elliptic notch (Lazzarin et al., 2007), neglecting the
linear decrease of the nominal shear stress:szy ¼ bsmax
a2  b2
axﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  c2
p  b
	 

: ðA1ÞIf x0 is the distance from the notch tip, then x0 = x  a and:szy ¼ bsmax
a2  b2
aðx0 þ aÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx0 þ aÞ2  c2
q  b
0
B@
1
CA: ðA2ÞAfter some algebraic manipulations Eq. (A2) can be written in a different way, Eq. (A3), bearing in mind that q ¼ b2a , a
2
b2
¼ aq,
c2 = a2  b2: 0 1
szy ¼ basmax
a2ð1 b2a2Þ
ðx0 þ aÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx0 þ aÞ2  c2
q  b
a
B@ CA ¼
ﬃﬃﬃ
q
a
r
 smaxð1 qaÞ
ðx0 þ aÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x02 þ 2ax0 þ b2
p 
ﬃﬃﬃ
q
a
r !
¼ smaxð1 qaÞ
x0
a þ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x02
aq þ 2 x
0
q þ 1
q  q
a
0
B@
1
CA: ðA3ÞNow, if a q and x0 
 a, Eq. (A3) tends to the following expression:szy ¼ smax 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 x0q þ 1
q
0
B@
1
CA; ðA4Þand so exactly matches Eq. (102), valid for a slim parabolic notch.
Consider now Eq. (55) valid for a deep hyperbolic notch. Neglecting again the linear decrease of the nominal shear
stress:szyjn¼0 ¼
bsmaxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  x2
p : ðA5ÞIf x0 is the distance from the notch tip, then x0 = a  x and so, remembering also that c2 = a2 + b2, one obtains:szy ¼ bsmaxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ b2  x02  a2 þ 2ax0
p ¼ smaxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x02
b2
þ 2ax0
b2
q : ðA6Þ
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 a, being q ¼ b2a , the expression becomes:szy ¼ smax 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 x0q þ 1
q
0
B@
1
CA; ðA7Þaccording to the expression valid for a parabolic notch.
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